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SUMMARY

Nonlinear flutter of a two-dimensional airfoil undergoing plunging
and pitching motions is studied using a time marching finite difference
scheme. The structural nonlinearity considered is of the type due to a spring
with preload and freeplay. Flutter is determined from solutions of the
structural dynamic equations of motion when either divergent or limited
amplitude oscillations are encountered. Case studies using various airfoil
parameters and values of preload and freeplay are carried out. The effect of
initial condition, which is important in nonlinear problems, is investigated
by varying the displacement from equilibrium of the pitch angle at the
beginning of the airfoil motion. For nonzero values of the preload, three
types of oscillatory motion are possible, namely: damped, limited amplitude
and divergent. The divergent flutter boundary is practically identical to that
for the linear flutter case. The location of the limit-cycle flutter boundary
varies for different airfoil and spring parameters. For zero preload, damped
oscillations are not encountered even for air speeds down to 15 percent
of the linear flutter speed which is the lowest used in this study. The limited
amplitudes of the pitch and plunge motions are found to be independent
of initial angular displacement. The characteristics of the oscillations and
the development of higher harmonics in the various regions defined by the
flutter boundary curves are investigated.
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RESUME

L’aéroélasticité non-linéaire d’un profil d’aile bidimensionnel
subissant des mouvements de tangage est étudiée au moyen d'un schéma en
différences finies en fonction du temps. La non-linéarité structurale étudiée
est celle produite par un ressort préchargé et a jeu libre. L’aéroélasticité
est déterminée a partir des solutions aux équations dynamiques structurales
de mouvement lorsqu’il y a oscillations & amplitude limitée ou divergente.
Des études de cas sont menées a partir de divers paramétres de profil d’aile
et de diverses valeurs de précharge et de jeu libre. On étudie ’effet de I'état
initial, important dans les problémes de non-linéarité, en faisant varier le
mouvement par rapport au point d’équilibre de 1’angle de tangage dés que le
profil d’aile commence a se déplacer. Pour des valeurs de précharge diffé-
rentes de zéro, trois types d’oscillation sont possibles, soit: oscillation
amortie, oscillation a4 amplitude limitée et oscillation divergente. La limite
d’aéroélasticité divergente est pratiquement identique a celle de 1’aéro-
élasticité linéaire. L’emplacement des oscillations limites d’aéroélasticité
varie en fonction des paramétres de profil d’aile et de ressort. Pour une
précharge nulle, aucune oscillation amortie n’est relevée, méme dans le cas
de vitesses aérodynamiques ramenées 4 15 pour-cent de la vitesse d’aéro-
élasticité linéaire, laquelle est la plus faible utilisée dans le cadre de 1’étude.
On a trouvé que les amplitudes limitées des mouvements de tangage étaient
indépendantes du déplacement angulaire initial. Les caractéristiques des
oscillations et la production d’harmoniques supérieures dans les diverses
zones délimitées par les courbes limites d’aéroélasticité sont étudiées.
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The assumption of structural linearity is frequently made to
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by \ , . .
ﬁqs enable the use of analytical methods in determining the divergence and
L0

L
Wt PRI . . .
S flutter characteristics of aerodynamic surfaces. Linear theory will
bt y y
ML)

_ predict the magnitude of dynamic pressure or flight velocity above
."i_‘\
R

]
g: which the system under consideration becomes unstable and the motion
23] . :
) grows exponentially in time. However, aircraft structures often
oy y

exhibit nonlinearities which affect not only the flutter speed, but
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B also the characteristics of flutter motion. An understanding of the
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0
" -~ . : I . . . .
j{ﬂ. nonlinear behaviour of the system is crucial to the efficient and safe
A
. design of aircraft wings and control surfaces.
;(3 Reference 1 gives an excellent discussion of the various

’
iy
‘jh types of nonlinearities and some of the methods used to treat them. In
e }

o general, structural nonlinearities can be categorized as either
hg}
:<ﬁ distributed or concentrated. Only the latter is considered in this
oy
(s . .
,kb study because they are more important. An example of this type of
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3 nonlinearity, which is investigated in this report, is the freeplay
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representing a loose hinge or linkage of a control system. The
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eh \ response characteristics are usually functions of the amplitude of
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e oscillation. The system stiffness behaviour changes with amplitude of
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ﬁ: self-excited and attain a limited amplitude. The appearance of the
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b ; viewpoint. These oscillations may occur within the divergence and
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%Q%' flutter flight envelope, but the amplitude, frequency and duration of
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)
I z structural integrity of the aerodynamic surfaces.
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Woolston et al (Ref. 2) studied the effects of structural
nonlinearities on the flutter of a two-dimensional airfoil using an
analog computer. There are serious drawbacks in the use of an analog
computer to analyse nonlinear flutter and accuracy is often not as
great as one would desire. An alternate analytical approach was
suggested by Shen (Ref. 3) using the well known Kryloff and Bogoliuboff
(Ref. 4) method in nonlinear vibration theory. The original limitation
of weak nonlinearities was removed by adopting a modification given by
Popov (Ref. 5). Only rigid surfaces with single nonlinearity were
treated. Extensions to multiple nonlinearities (Ref. 6, 7) and
inclusion of higher harmonic terms (Ref. 8) have been reported in
recent studies.

Another method of investigating nonlinear flutter is by
numerical time integration of the structural equations of motion. This
has the advantage that no assumptions on the type of motion have to be
made beforehand. Also, the effect of initial conditions, which is
important in nonlinear problems, can readily be investigated.

Flutter analyses of two-dimensional airfoils with aerodynamic
nonlinearities and structural nonlinearities of the type due to a cubic
spring have been studied by Lee and LeBlanc (Refs. 9 and 10). In that
study, Houbolt's (Ref. 11) finite difference scheme was found to be
efficient and of sufficient accuracy in determining flutter
boundaries. Following the approach used in Ref. 10, the aeroelastic
equations for a two-dimensional airfoil performing plunging and
pitching motions are written in this report in finife difference form

using incompressible aerodynamics in the time domain given by Wagner's

function. The effect of initial conditions on nonlinear flutter is




studied by varying the displacement from equilibrium of the pitch angle
at the beginning of the airfoil motion. Divergent and limit-cycle
flutter are investigated using different airfoil parameters and values
‘3 of spring preload and freeplay. The characteristics of the oscilla-
iﬂ tions and the development of higher harmonics in the various regions
e defined by the flutter boundary curves are analysed. The results are
L useful not only in assessing the validity and accuracies of the method
. of harmonic balance (Refs. 3-8) commonly used in the study of nonlinear

flutter, but also in understanding the impact of limit-cycle

e oscillations on the structural integrity of aerodynamic surfaces.

fz 2.0 Analysis

s

K

2§ 2.1 Two-Degree—of-Freedom Motion of a 2-D Airfoil

e Figure 1 shows the notations used in the analysis of a

0

fg two-degree-of-freedom motion of an airfoil oscillating in pitch and in

"

\” plunge. The plunging deflection is denoted by h, positive in the

2? downward direction, a is the pitch angle about the elastic axis,

o

gg' positive with the nose up. The elastic axis is located at a distance

:ﬂ; ahb from the midchord, while the mass centre is located at a distance

;ﬁ% xab from the elastic axis. Both distances are positive when measured

2%3 towards the trailing edge of the airfoil. The aeroelastic equations of

1§? motion for linear springs have been derived by Fung (Ref. 12). For
nonlinear restoring moment from a spring with preload and freeplay in

A the torsional degree of freedom (Figure 2), they can be written as

o follows:
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mh + Su + Ch + Kh =P (1)
Sh+Ia+ ca& + F(a) = R (2)

where the dot represents differentiation with respect to time. § is
the airfoil static moment about the elastic axis, f(a) is a nonlinear
function representing the restoring moment, P and R are the externally
h’ Kh’ Ia and

Ca are the airfoil mass, linear damping coefficient, linear spring

applied force and moment respectively. The symbols m, C

constant, wing mass moment of inertia about the elastic axis, and
torsional damping constant respectively.

Define £ = h/b, X, = S/bm, wE = (Kh/m)%, w, = (Ka/Ia)%,

- 2.} 3 - 3 .
r = (Ia/mb )%, C{ Ch/2(mKh) s Ca = Ca/z(IuKa) . Here Ka is the

cd
torsional spring constant for the linear part of the moment-

displacement curve shown in Figure 2. Equations (1) and (2) can be

written in nondimensional form as follows:

- 2
E'(1) + xa"(1) + 28 Gz B0 + (7] £ =p() (3

*

2 et s g 2D aii Fla(D] = 1(1) (&)
a

o]

where p(1) and r(1) are the nondimensional force and moment
respectively. The prime denotes differentiation with respect to the

non-dimensional time 1 defined as
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T == (5)

In Eqs. (3) and (4), w is given by

(6)

€l
"
o lev

U* is defined as

Uk = — (7

From Figure 2., F(a) can be written as

- h a <h

a +V £ £

fO

Fla) = \' hf.s a Shf_ (8)

fo

- h,_. h < a

@+ Veo - hy £-

For incompressible flow, Fung (Ref. 12) gives the following

expressions for p(t1) and r(1):

p(1) = = Z[8"(D-aya"(1)+a’ (0]

- 2[{a(0)4E" (0)+(d-ap)a’ () }6(0)

T
+ [ ¢(r-0)[a' (0)+£"(0) +(}-a) )" (0) ]do] (9)
o

9 L
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r(0) = ZE(d+ay) {[a(0)4F" (0)+(d-a)a’ (0)]6(0)
a

1
+[ #(1-0)[a'(0)+5" (0)+(4-a, )a" (o) ]da}
(o}

+ uia {ah[E"(T)-ahu"(t)l‘(i‘ah)a'(T) - %a"(‘)} (10)

where p is the airfoil-air mass ratio, and the Wagner's function ¢(1)

is given by
#(1) = 2 - ae ' - ce (11)

and for incompressible flow, the constants £ =1, a = 0.165, b =

0.0455, ¢ = 0.335 and d = 0.3 are given in Ref. 12.

2.2 Finite Difference Scheme

For a system with few structural components or the number of
vibration modes is small, higher order methods such as the eighth order
scheme reported in Ref. 13 does not offer any distinct advantage over
Houbolt's (Ref. 11) scheme which is simpler and less cumbersome to use.
For this reason, Houbolt's method is used in the present analysis. The
derivatives at time 1+A1 are replaced with backward difference formulas

using values at three previous points. For example,

a (1+A1) = —lz [2a(t+A1)-Sa(1)+4a(1-A1) ~a(1~-241) ] (1)
At




5 and

@' (1+A1) = = [1la(r+AT)-18a (1) +9a(1-AT) ~2a(1-281)] (13)

Similar expressions can be written for £"(1+A1) and £'(t+A1). 1In

difference form, Eqs. (3) and (4) can be expressed as:

& P a(1+81) + B, E(1+81) = X (14)

1

P 7'r—2 P =X - *-2
[Py, + U Fp]a(I+A1) + P E(1481) = X, -U* °F_ (15)

W In Eq. (15), Fla(1)]) has been replaced with Fp(a;&)u(r+A1)

+ Fa(a), where

,fv ‘," 1 (_! < h

F (a;a) = (16)
p( )

y 0 otherwise

A
o and
{5

e F (a) = ¢V
. a

Here a is an estimate of a which can be obtained, for

example, by linear extrapolation of a from 1 to t+8tv. P, I .. Poye

e PVZ‘ il and iq are given in Appendix A.
i A “
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Renaming the coefficients in Eqs. (14) and (15) yields the

following:

a{t+A1) X

[P =11 (18)
£ (1+A1) X2
which has for solution
a{t+A1) a X
= pp ! (19)
E(1+A1) X

[P] can take on one of the two forms whereas {X} can take on one of

three forms depending on the estimated value of a(T+AT).

2.3 Starting Procedure

Houbolt's scheme requires values of o and { at times 1-2ATt,

1-A1 and 1 in order to determine their values at t1+At. At time 1 = O,
a special starting procedure is required. A Taylor series is used to

obtain the following:

2
817 "0y + oAty (20)

a(-41) = a(0) - Ata'(0) + 3

A

> a"(0) + O(A13) (21)

a(A1) = a(0) + Ata'(0) +

with similar expressions for §(-A1) and £(At1). The expressions for X1

and X2 in Appendix A have terms depending on the first and second

derivatives of a and {, and these derivatives are given as follows:

2
%1 a"(0) + 0(Ax3) (22)

a'(-81) = a'(0) - Ata"(0) +




: 2
R a'(81) = a'(0) + Ata"(0) + 5% a"'(0) + 0(Ar?) (23)

and

2
a"(-A1) = a"(0) - At a"'(0) + %1 <V(0) + oatd (24)

Y 2
ey «"(AT) = a"(0) + At «"'(0) + %1 «IV(0) + ocacd) (25)

with expressions of the  derivatives written in the same form as those
tally given in Eqs. (22) to (25). The initial conditions «(0), a'(0), Z(0)
KN and £'(0) are known, and the higher derivatives can be obtained from

Eqs. (3) and (4) and are given by:

2™ (0 v,

[Q] = (26)

which has for solution

y o™ (0) y, (™)

i = (q! (27)

(n) (
R £ v, ™

iy » - (l"l) (n) . .
fo Here n = 2, 3 and 4. Qll’ le, Q21’ 022, Y1 and Y2 are given in

Y Appendix B. For the next step, Houbolt's scheme can be used since «

and § at 1 = -At, 0 and A1 are known.

4
e 2.4 A Recurrence Formula
L)

In Eq. (18), the terms X, and X2 contain integrals which have

1

I to be evaluated at each time step. To reduce the amount of

« « PP “ e R P Rt At W T
OO IS AN N L At 1Y AT 3T 9% 1Y, & NG b\gi T A - ‘ - )
SRR RORORACHBRI A & 't‘;tii"-'A'!"'u"‘-“’-,’l‘\‘3.1.4!'3".".'9{ [T oy o 9&'05 AR " A ' % .
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computations, a recurrence formula is used. Using Simpson's rule, the

integral 11(1+A1) in Eq. (A6) of Appendix A can be written as

I (t+a1) = ¢ P21 (1) + &2 for(rsar) + 19a(1)e AT
1 1 2%
- S (t-At)e 2PAT 4y (1-2a1)e73PATy (28)
where A is defined in Eq. (A8).
The starting value for Il(AI) is given by
1,(a0 = 55 {20(a1) + 53(0)e T - A(-a1)e 2P (29)

Expressions for 12(I+AI) and Iz(Ax) are obtained by substituting b for

d in the above equations.

3.0 Results and Discussions

In this report, only nonlinearities in the pitch degree of
freedom are considered. The elastic axis of the airfoil is placed at
the 4 chord location (that is, a, = -0.5), T and X are kept constant

h

at 0.5 and 0.25 respectively. The two properties of the airfoil being

varied are p and w. The effects of preload and freeplay are

. investigated by varying the values of V h_ ., and hf-. Table 1 shows

£°° °f
the combinations of parameters used in this study.

A comparison of cases 1, 2 and 3 shows the effect of preload
for constant freeplay, while cases 2, 4 and 5 show the effect of
freeplay for constant preload. Cases 6 and 7 are with zero preload and

the effect of varying u can be obtained from cases 2, 8 and 9. The
results for increasing w to a value of 0.8 are given in cases 10 to 16
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where the values of preload and freeplay are kept the same as those for
cases 1 to 5, 8 and 9 in which w=0.2. These computations are carried
out primarily to study the effect of w on the binary flutter of the

airfoil.

3.1 Effect of Preload on Flutter Boundary

Figures 3 to 5 show the flutter boundaries for cases 1 to 3.
The values of u and w are kept constant at 100 and 0.2 respectively.
The freeplay is 0.5° with the preload Vio set at 0.25°, 0.5° and 1°
respectively. Throughout this study, it is assumed that hf. = Vfo so
that the restoring moment is zero when the displacement a = 0.

To determine the flutter boundary, Eq. (19) is solved for
given initial conditions. In this report, only a(0) is varied and
£(0) = £'(0) = a'(0) = 0. The procedure is to find the linear flutter
speed Uf first, and this is equivalent to solving the problem for

h.. =h

£- £ In the nonlinear case, once a(0) is specified, a value of

U* usually greater than UE is selected and o and £ are obtained by the
time marching finite difference scheme. For the type of structural
nonlinearity considered, the solution is divergent for U¥ > Uf, and the
nonlinear divergent flutter speed is, within the numerical accuracy,
the same as Uf for these three cases considered. It is observed that
for a(0) > Vfo decreasing U* below UE results in limit-cycle flutter.
The oscillation is self-excitated and maintains a constant amplitude
which is self-limited. The boundaries between divergent and
limit-cycle flutter in Figures 3 to 5 are practically vertical lines at
U*/UE = 1 for values of a(0) ranging from -10° to 20°.

As U* decreases, a value will be reached where any further

decrease will result in damped oscillations of the airfoil. Boundaries

PP .( N ! wn ‘,\- o I*f~$\{." “5-?.(‘ Rty

]
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can be identified on the a(0) versus U*/Uf plots separating the regions
of limit-cycle flutter with the stable regions where the oscillations
decay.

Figures 3 to 5 also show that for a freeplay of 0.5° the
region of limit-cycle flutter decreases with increasing values of the
preload. Another observation is the non-symmetry of the boundaries
between decaying oscillation and limit-cycle flutter with initial
displacement «(0). For values of initial displacement less than the
preload, the system moves on the linear part of the moment-
displacement curve shown in Figure 2, and at velocities below the
linear flutter speed, the system is stable. Increasing a(0) will have
a destablizing effect, but this is only restricted to the limited
amplitude oscillation regions.

Figure 3 shows pockets in the damped oscillation region where
the airfoil oscillates with constant amplitude. This limit-cycle
flutter behaviour is only observed for the smallest preload value of
0.25° and is not detected in the other two cases. The regions of
limited amplitude oscillations are determined using a binary search
complemented with linear grid scans. This by no means assures that all
such regions especially the small ones have been identified, but those
that are found can be considered to be quite accurately defined.

Figures 6a to 6j show the time behaviour of a in the various
regions corresponding to the locations marked 1 to 10 in Figure 3.
Figure 6a is for initial displacement a(0) = 8° and U* = O.7Ui. The
airfoil damps out fairly rapidly and the oscillations are mainly sinu-

soidal and no noticeable harmonics are detected. This is a typical «a
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'5@ decay curve sufficiently far from any limit-cycle futter region. The
§§  same behaviour is also observed for the § oscillations.

gg. Figure 6b corresponds to location 2 in Figure 3 where

gg a(0) = 8° and U*/Uf = 0.78. This type of oscillatory behaviour of a is
}é typical in those pockets where limit-cycle flutter occurs. A strong
W, second harmonic is always present.

i » At initial displacment a(0) = 8° and U*/Uf = 0.81,

33& corresponding to location 3 in Figure 3, the o decay curve is shown in

o Figure 6c. Higher harmonics can be detected from the oscillatory

g?‘ motion of the airfoil, and this is often the case in the proximity of
?g; the limit-cycle flutter regions. Figure 6d is also in the damped

3\ oscillation region but it is very close to the limit-cycle flutter

735 boundary. This corresponds to location 4 in Figure 3 with initial

x

H; displacement «(0) = 8° and U*/Uf = 0.82. The airfoil oscillates in

»r pitch (also in plunge) at approximately constant amplitude for a number
‘: of cycles (nearly twenty in this case) and suddenly damps out. This is
EJ: often encountered very close to the limit-cycle flutter boundary.

;Gi Figure 6e shows the time variation of a in the limit-cycle

: $ flutter region for a(0) = 8° and U*/Uf = 0.53 corresponding to location
?f{ 5 in Figure 3. Again, being close to the flutter boundary, the

R, appearance of a second harmonic can be detected. Sufficiently far away
j;; from the limit-cycle flutter boundary, the curves shown in Figures 6f
i&i and 6g for limited amplitude oscillations corresponding to locations 6
1 and 7 in Figure 3 indicate the motion of the airfoil to be practically
;; sinusoidal. This type of motion is typical even if U*/Uf is close to
?L" the divergent flutter boundary.

"
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Figure 6h shows the a oscillations at location 8 on Figure 3
for a(0) = -0.3° and U*/Uﬁ = 0.99785. For this value of initial
displacement, the airfoil motion is on the linear part of the moment-
displacement curve shown in Figure 2. This type of decay curve is
typical for linear flutter (Ref. 10).

The behaviour of the airfoil motion inside the limit-cycle
flutter region at location 9 in Figure 3 is given in Figure 6i. The
values of a(0) and U*/Ui are -1.5° and 0.78 respectively. The
oscillations behave in a similar manner as those given in Figure 6b.
This is characterized by the presence of a strong second harmonic
component. It is noted that in all pockets of limnit-cycle flutter
within the damped oscillation region, the oscillations of the airfoil
are similar to those given in Figure 6b and 6i.

It is observed in Figure 3 that there are bulges on the
limit-cycle flutter boundary. For example, for positive values of a(0)
and 0.825 < U*/Uf < 0.86, the oscillations can either be of limited
amplitude or damped depending on the value of a(0). Figure 6j shows
the time variation of a corresponding to location 10 in Figure 3 where
a(0) = 1.5 and U*/Uf = (.84,

In Figures 7-9, the limited amplitudes a, and EA are plotted

A
against the speed ratio U*/Uf for cases 1-3. It is found that they are
independent of the initial displacement a(0). 1In Figure 7, the curves

have breaks at U*/Ug approximately equal to 0.825. To the left of this

value of U*/Uﬁ, the amplitudes are obtained from the limit- cycle

flutter pockets inside the damped oscillation region. The curves do

not join smoothly with those for U*/Ui greater than 0.825 and this




is due to the different oscillatory motion of the airfoil as shown in

Figures 6b and 6f. A comparison of the amplitudes for U*/Uf > 0.87 in

Figure 7 with those in Figures 8 shows that they are identical.

Ly Similarly, the results in Figure 9 coincide with those in Figure 7 for
A
“ﬂ' U*/UE > 0.915. This indicates that the variations of the limited
I
‘w‘ amplitudes a, and EA with speed ratio for various values of preload,
fab
B
2§| but with the freeplay fixed, lie on the same curves. The values of
g:g U*/Uf where the curves begin depend on the values of the preload.
) Throughout this study, the value of the time step At is taken
l‘;“
K ,
K to be 1/128 of the shorter period of the two coupled modes of
K
: X oscillation of the airfoil in the absence of aerodynamic forces. The
S
e periods of the coupled modes are obtained from Equation (3) and (4) for
u
o
e Fla(t)] = a(1), and p(t) = r{1t) = 0. 1In numerical time integration
o
Iy n
“G schemes, Bathe and Wilson (Ref. 14) pointed out that the amplitude
L
§ decays due to numerical errors and is dependent on At. The value of At
Qﬁ- used in this study is found to be sufficiently small to give good
o
B~
i&j accuracies in determining the flutter boundaries while ensuring the
5? computation time is not excessive.
o
&)
W
)
:fﬁ 3.2 Effect of Freeplay on Flutter Boundary
ot
. To investigate the effect of freeplay on the flutter
!.. -
o X boundary, results for cases 2, 4 and 5 of Table 1 are shown in Figures
Ko
Q.' 4, 16 and 11. The preload is constant at 0.5°, and the values of the
LX) ,
- freeplay are 0.25°, 0.5° and 1° respectively. The boundaries tetween
ﬁ; divergent and limit-cyvele flutter are all located at C*/UE = 1.
§ 'J‘.
-ﬁ:: Decreasing the freeplay will decrease the limited amplitude
KA
40
4 y
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s
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b, - -

f\ .{A"i' .4"{.'1.;"'.‘ ¢
R DAL T o (s

;i.:-";-.:.-_" LB -'(.;~'.‘1' LR I-’

T’\.

+



16

oscillation region and move the limit-cycle flutter boundary closer to
the divergent flutter boundary. In the limit, as the freeplay tends to
zero, the two flutter boundaries coincide at U*/Ug = 1 which is to be
expected since the system is acted on by linear spring forces. Because
of the preload, the flutter boundaries are not symmetrical about

a(0) = 0.

The limited amplitudes a, and EA motions are given in Figures

A
8, 12 and 13. They are independent of the initial displacement «(0),
but for given speed ratio, higher amplitudes are obtained when the
values of the freeplay are increased. The curves in Figure 13 have
breaks at U*/Uf approximately equal to 0.825. The amplitudes for U*/Uf
< 0.825 are determined from the pockets of limit- cycle flutter in the

damped oscillation region. The presence of a strong second harmonic is

always observed in the oscillatory motion of the airfoil inside these

pockets (see Figs. 6b and 6i). This is quite unlike the motions for
U*/Uf > 0.825 where the oscillations are mainly sinusoidal.

It is interesting to note that when Figure 3 is compared with
Figure 11, the flutter boundaries are identical if the vertical scale
for a(0) in Figure 3 is multiplied by a factor of 2 which is the ratio
of the two values of preload. Similarly, the limited amplitudes a, and
EA in Figure 7 when multiplied by 2 match those given in Figure 13.
From the limited results of the two cases considered here, it appears
that for a particular combination of preload and freeplay, similar
results are obtained for other values of preload and freeplay if the

ratio of preload to freeplay is kept the same. The flutter boundary

curves can be made identical if the vertical scales are
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multiplied by factors equal to the ratio of the preloads. Also, the
limited amplitudes of the plunge and pitch oscillations differ from

those with other values of preload and free play by the same factors.

3.3 Effect of Zero Preload on Flutter Boundary

For zero preload, cases 6 and 7 of Table 1 are investigated
for a freeplay of 1°. The difference bewtween these two cases is in
the location of the equilibrium position. Case 6 gives the equilibrium
of the airfoil at a point on the linear portion of the moment-
displacement curve (Figure 2) just ahead of the freeplay, while in case
7, the equilibrium position is centered in the freeplay.

The flutter boundary for case 6 is given in Figure 14. The
boundary originates at U*/Uf = 1 and «(0) = 0 and rapidly becomes a
straight line at U*/UE = 0.995. Unlike the previous cases with
positive preload, the figure shows only two regions, namely,; divergent
and limit-cycle flutter. In this study, no numerical computations have
been carried out for U*/Uf < 0.15 since the number of cycles needed to
determine the limited amplitude becomes larger and larger as the speed
ratio decreases, and no drastic change in the behaviour of the airfoil
motion is anticipated.

The limited amplitudes a, and £A are plotted in Figure 15.

A

The curves are discontinuous at U*/UE = 0.69 and Figure 16 show typical
pitch oscillations of the airfoil near the discontinuity (Figure 16b)
and at a fair distance away (Figure 16a). The mean value of o is not a
constant but depends on U*/Uf, and the oscillatory motion of the

airfoil is non-symmetrical about the mean. For U*/Ui slightly greater

than 0.69, a small second harmonic can be detected, but further
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increase in U*/Uf results in oscillations which are practically
sinusoidal. For U*/UE > 0.69, the mean value of a is a constant 0.5°
which is half the value of the freeplay.

For zero preload and equilibrium position centered in the
freeplay, the flutter boundary and limited amplitude curves are
identical to Figures 14 and 15 illustrating their dependence only on
the value of the freeplay. The mean motion for U*/Uf < 0.69 is usually
slightly above a = 0 although for some values of U*/UE and a(0), it can
be slightly below a = 0. However, for U*/Ui > 0.69 the mean value of «a
is always zero. Similar to case 6, a large second harmonic is present
in the oscillatory motion of the airfoil for U*/UE < 0.69. The
magnitude of the second harmonic is less pronounced in the vicinity of
U*/UE = 0.69 and as U*/Uf increases, its value diminishes. The

oscillations appear mainly sinusoidal with no noticeable harmonics when

T >
Uk/U% > 0.8,

3.4 Effect of Airfoil-Air Mass Ratio p on Flutter Boundary

The effect of airfoil-air mass ratio on the flutter boundary
for u = 50, 100 and 250 are shown in Figures 17, 4 and 18 respectively.
The preload and freeplay are both 0.5° in all three cases.

The boundaries for divergent flutter are all approximately at
U*/Uf = ] for all three values for u, while those for limit-cycle flut-
ter move towards U*/Uf = 1 for increasing u. At u = 250, pockets of
limited amplitude oscillations appear in the damped oscillation region. A

The oscillatory motions of the airfoil in the various regions on the

flutter boundary curves are similar to those given in Figure 6.
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'hci The limited amplitudes a, and £A are given in Figures 19, 8
fw“ and 20 for the three values of yu considered. Comparison of the curves

for @, shows that the limited amplitude between the limit-cycle and

0
&n{ divergent flutter boundaries practically does not change with p and no
o
)
ﬁﬁ differences can be detected. On the other hand, EA is found to
1 .')
i, increase with u. This behaviour where p has an effect on the plunge
0
i
{;ﬂ degree of freedom but with no noticeable effect on the pitch motion is
isb also observed for a cubic nonlinearity in the restoring moment reported
i
. in Ref. 10.
o
y
(A
:c:i:.
. f“ -
ﬁhﬁ 3.5 Effect of Uncoupled Plunge to Pitch Natural Frequency Ratio w
M
- on Flutter Boundary
e
<
¥
i
;{{ 3.5.1 Effect of Preload for Constant Freeplay
. In cases 10 to 12 given in Table 1, the value of w is 0.8 and
N
Q) the preload is set at 0.25°, 0.5° and 1° for a constant freeplay of
N
Dy
f 0.5°. The flutter boundaries are shown in Figures 21 to 23, and
B A )
‘{_ comparison with Figures 3 to 5 for the corresponding values of preload
Aty
o' _ -
,:f: and freeplay at w = 0.2 gives the effect of w on the oscillatory motion I
iy !
e . ,
N of the airfoil.
' !
™) :
- From Figures 3 and 2!, bringing the plunge and pitch :
ok
gy. uncoupled natural frequencies closer to each other seem to eliminate
oy
[}
,sw the pockets where limit-cycle flutter occurs. The bulges on the limit-
- cveie flutter boundary grow with the preload for w=0.8. Similar to
L]
‘o
':;' *he o observations from cases 1 to 3, it is found that the limited
.1?' 1Mo tudes ay and EA given in Figures 24-26 are independent on initial
I AN ¢
I dinplacement ar() and preload. However, their values are smaller than
f‘ ~
::i:"' those for w = 0.2 for the same value of the freeplay.
!
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3.5.2 Effect Freeplay for Constant Preload

Figures 27, 22 and 28 show the effect of varying the freeplay
on the limit-cycle flutter boundaries for a fixed prelocad of 0.5° and
frequency ratio w =0.8. Similar to the results for w = 0.2,
increasing the freeplay will increase the region where limited
amplitude oscillation occurs. It is observed that the bulges on the
flutter boundary curves for a(0) > 0 diminish as the freeplay is
increased. Also, the pockets of limited amplitude oscillations which
occur inside the damped oscillation region, as found in case 5, are not
present when w = 0.8.

The limited amplitudes a, and EA are given in Figures 29, 25

A
and 30 for values of freeplay 0.25°, 0.5° and 1.0° respectively.
Again, they are independent of initial displacement a(0). For a given
speed ratio, higher amplitudes are obtained for larger values of
freeplay. The breaks in the curves, similar to those shown in Figures
13 for w = 0.2, are not found in the corresponding case for w = 0.8
given in Figure 30 because pockets of limited amplitude oscillations
are not encountered. Comparisons with results for w=0.2 given in
Figures 12, 8 and 13 show that the amplitudes of oscillation at
limit-cycle flutter attain a larger value for the smaller ratio of the
natural frequencies W.

In section 3.2, it is observed that at w=20.2 and for a

particular combination of preload and freeplay, the results can be used

for other values of preload and freeplay as long as the ratio of

preload to freeplay is the same. The vertical scale of the flutter

$‘
1]
ﬁ boundaries and limited amplitudes ay and E’A have to be multiplied by a

factor equal to the ratio of the preloads. The results for w = 0.8
show the same behaviour.
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3.5.% Effect of Airfoil-Air Mass Ratio y

The ettfect of u oon the flutter boundaries can be obained from

. 1% ard le of Table 1, and the results are shown in Figures

Coand 300 The vertical portions ol the boundaries do not appear
ma boattected by 4w The most pronounced changes occur in the
't the imit-ovele flutter curve.  Pockets of limited amplitude
ations snohoas those shown 1n Figure 18 for uw = 250 are not
Coahen ow =LA
The Timited amplitade ay given in Figures 5a, 33a and 3aa
et PR slightly larger when u 1s decreased from 250 to 50.
L0l LAYger Ineredse 1noampiltude {’A for the plunge degree
eobem tor Uhiis change anoh This 1s 1n contrast to the results
= o wWlere no o noticeable change in a, with u Is detectable and
Teoanes Wil dnoreasing booinstead.
coo el ot mited Ampaatude Uscoallations
Some compatations of the period of oscillations in the timit-
Lt ler regn s odare govet, an Fighures 35 to 37
i resoots tor o=l ; = .0 are shown n Figure 505 tor g
: ! % ard three valies of the freeplav.  Not oincluded o this
fre the pericds ot oscorliations 1n the pockets where limit-coye le
toooars within the damped oscailation region. The periad
- pnttially oas U TI' i reases antil oa minimum 1s reached.
stier o0t e gres ot oa praduas rate. Within the computation
vttt apgeears that the three cnrves rodalesce an the vicinity of
TR T I A UY N P I S O € L Tt reasing the value of w to 08
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preload of 0.5° and the values of freeplay being 0.5° and 1°
respectively. The two curves are identical for 0.885 < U*/Uf < 1.0,
and the curve for the 1° freeplay extends to U*/Uf = 0.835 which is the
location of the limit-cvcle flutter boundary. Examination of the
oscillations for these two cases shows that the second harmonic is too
small to be detected even near the limit-cycle flutter boundary.

At zero preload with equilibrium at a point on the linear
portion of the moment-displacement curve just ahead of the freeplay
case o of Tablie 1;, Figure 37 shows the period of oscillations for
L = 1, w =0 and 1° freeplay. A discontinuity in the curve occurs
g0 100 U= Goey . which 1s on the same location as that observed in the
Iimited amplitude curves given in Figure 15. For L*/7i < 0.69, the
es.tilations are characterized by "kinks" indicating the presence of
large harmonios wher [ 1% 18 betwen 0.69 and 1.0, the usual
behiaviou: of the oscillations 1s observed, that 1s, small second
Larmonics are ofserved near the Jimit-cyvoie flutter boundary but the i
ampoctades driminosh i te rapadivoas Y*'FK 15 1ncreased.  For prelocad

centered tn the freepiay coase ot Tabie 1, the resuits are sim:iss

those givern o Figure
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For nonzero values of the preload, three types of oscilla-
tions are possible, namely,; damped, limited amplitude and divergent.
Divergent flutter occurs when the nondimensional speed of the airflow
past the airfoil U¥ is greater than the linear flutter speed UK. In
spite of the presence of a structural nonlinearity of the type
considered, the nonlinear divergent flutter speed is, within the
numerical accuracy, equal to Uf for the cases studied. For U¥ less
than VE, limited amplitude oscillations occur until a value of U¥ is
reached where further decrease will result in damped oscillations. The
location of the limit-cycle flutter boundary depends on the airfoil
parameters in addition to the values of the spring preload and
freepliay.

For some combinations of preload and freeplay, there are
pockets of limit-cvele flutter in the damped oscillation regions. The
oscillations inside these pockets are characterized by the presence of
.arge second harmonics. EBringing the uncoupled natural frequencies of
the two modes closer to each other seem to eliminate these pockets, but
large hulges are detected on the limit-cvele flutter boundary. The
sseillatieons in the limited amplitude region are mainly sinusoidal
exiept very near the limit-cyvole flutter boundary where se ond
Larmonis s are observed,

The ltimited amplitudes £ and o, of the plunge and pitch

A 3
Tt v e tovely for gaven airfor ] parameters are dependent on the
Vi ot e freepliay Larger amy Ditudes are obtained wher the valunes
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of the freeplay are increased. Changes in preload and initial
displacement do not appear to have any effect on them. The amplitudes
also vary with the ratio of the uncoupled natural frequencies of the
plunge to pitch motions w. For the lower value of w = 0.2 considered
in this study, larger oscillatory motions in both degrees of fireedom
are observed than those at w = 0.8. Varying the airfoil-air mass ratio

p at w = 0.2 does not have any noticeable effect on «

A’ but iA is found

to increase with p. At w = 0.8, a, decreases slightly with increasing

A
u while the corresponding decrease in iA is much larger.

The period of oscillations at the lower value of w = 0.2
decreases as U¥ is increased from the limit-cycle flutter boundary
antil a minimum is reached. Thereafter, it increases at a gradual rate
towards the divergc.at flutter boundary. At the higher value of
w = 0.8, only a gradual increase of the period from the limit-cycle
flutter boundary to the divergent flutter boundary is observed.

For zero preload, only divergent and limit-cycle flutter are
observed.  The divergent flutter boundaryv occurs very close to that for
the linear flutter case. Results for w = 0.2 and ¥ = 100 show that
they are independent of the equilibrium position of the freeplay. The
limited amplitude curves versus speed ratio have a discontinuity. For
speeed ratio less than its value at the discontinuity, the oscillations
are characterized by the presence of second harmonics, while in the

region between the discontinuity and the divergent flutter boundary,

<he osciliations are practically sinusoidal. The variations of the




25

period of oscillations with speed ratio in these two regions are quite
different. A rapid increase of the period with increasing speed ratio
is seen up to the discontinuity. Thereafter, the period changes very
little as the divergent flutter boundary is approached.

The results presented in this study on the response
characteristics of a two degree of freedom nonlinear system with
preload and freeplay are useful to the understanding of the impact of
limit~cycle oscillations on the structural integrity of aerodynamic

surfaces. They can also be used to assess the validity and accuracies

of the method of harmonic balance commonly used in the study of

nonlinear flutter.

‘|
{
i
3
>
8

R R L AR AL R v LR L O e .
n . Y, : :
AESEARNGUONGNGEE | SNSRI ANIRT 0, iR h!



26

5.0 References
1. Brietbach, E. "Effect of Structural Nonlinearities on
Aircraft Vibration and Flutter,"

AGARD Report 665, January 1978.

2. Woolston, D.S. "An Investigation of Certain Types of
Rurnyan, H.L. and Structural Nonlinearities on Wing and
Andrews, R.E. Control Surface Flutter,"

Journal Aeronautical Sciences, Vol. 24, No

1, 1957, pp. 57-63.

3. Shen, S.F. "An Approximate Analysis of Nonlinear
Flutter Problems,"

Journal Aeronautical Sciences, Vol. 26, No

1, 1959, pp. 25-32.

4, Kryloff, N. and Introduction to Nonlinear Mechanics

Bogoliuboff, N. Translation by Solomon Lifschitz,

Princeton University Press, Princeton,

1947.

5. Popov, E.P. "On the Use of the Harmonic Linearization

Method in Automatic Control Theory,"

NACA T™ 1406, January, 1957.

TS S S S PR
A SR LU R C AR WMRIRCS
R A AC S h ) )

AIRTE R ORELGhoNte X




('Sl = - - o M N T TR W W U T T W TR T W T T L AR TR IN T TESC LR TR T TR rwvt-‘r‘-vj

-:: 27

R

45? 6. Laurenson, R.M. and "Flutter Analysis of Missile Control
e i

:x? Trn, R.M. Surfaces Containing Structural

Nonlinearities,"

Ay AIAA Journal, Vol. 18, No 10, 1980, pp.
B2
R

Sy 1245-1251.

oY

?{é

'A: 7. Lee, C.L. "An Iterative Procedure for Nonlinear
LY

( Flutter Analysis,"

z .'

ATAA/ASME/ASCE/AHS 26th Structures,

;; Structural Dynamics and Materials

}}, Conference, Orlando, Florida, 15-17 April,
[}

2 2 1985, AIAA Paper 85-0688.
‘- .'
o:{

'~

) 8. Laurenson, R.M. "Effects of Structural Nonlinearities of
s Hauenstein, A.J. and Limit Cycle Response of Aerodynamic

s Gubser, J.L. Surfaces,"
R

SA: ATAA/ASME/ASCE/AHS 27th Structrues,

3

E; Structural Dynamics and Materials

(s
;ﬁi{ Conference, San Antonio, Texas, 19-21 May,
1’
it 1986, AIAA Paper 86-0899.

X
I
zse 9. Lee, B.H.K. and "Forced Oscillation of a Two-Dimensional
ag% LeBlanc, P. Airfoil with Nonlinear Aerodynamic Loads,"
»¥, 0

o National Research Council Canada, LR-617,
A

s January, 1986.
N
L7

-.f."

L)
e
o

s

R TR P R T L G Pk A I ¥ Ot e
mh '\k A ; Wl B \
(A oW K A v ;

Pala e st R
A, R T
fon P, BT




28
10. Lee, B.H.K. and "Flutter Analysis of a Two-Dimensional
LeBlanc, P. Airfoil with Cubic Nonlinear Restoring

Force,"

National Research Council Canada,

NAE-AN-36, February, 1986.

11. Houbolt, J.C. "A Recurrence Matrix Solution for the
Dynamic Response of Elastic Aircraft,"
Journal Aeronautical Sciences, Vol. 17,

No 9, 1950, pp. 540-550.

12. Fung, Y.C. An Introduction to the Theory of

Aeroelasticity

John Wiley and Sons, N.Y., 1955.

13. Jones, D.J. and "Time Marching Numerical Solution of the
Lee, B.H.K. Dynamic Response of Nonlinear Systems,"
National Research Council Canada,

NAE-AN-25, January, 1985.

14. Bathe, K.J. and Numerical Methods in Finite Element
Wilson, E.L. Analysis

Prentice-Hall Inc., Englewood Cliffs,

New Jersey, 1976.




pres Lk By

>

"'
-
5

-
25

4
L |

[4
Yy v

-
LA

o,{l'.‘

,'A~,;a?.f|.

29
Table 1 List of Airfoil and Nonlinear Spring Parameters used in Case
Studies
Case u w Veo hee he-
1 100 0.25° .25° .75°
2 100 0.5° .5° .0°
3 100 1.0° .0° .5°
4 100 0.5° .5° .75°
5 100 0.5° .5° .5°
6 100 0.0° .0° .0°
7 100 0.0° .5° .5°
8 50 0.5° .5° .0°
9 250 0.5° .5° .0°
10 100 0.25° .25° .75°
11 100 0.5° .5° .0°
12 100 1.0° .0° .5°
13 100 0.5° .5° .75°
14 100 0.5° .5° 5°
15 50 0.5° .5° .0°
16 250 0.5° .5° .0°
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o APPENDIX A
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o - - _
;. The coefficients Pll’ 12° P21, P22 and the terms X1 and X2
Y
n in Egqs. (14) and (15) are given as follows:
iy = 2 1 X
W P, = —— [(ux -a ] + —— [11 + {3-a, ] [222-9(a+c)]]
+ 11 p(Ar)z a h 6uATt h
|' l
U, + & [162 - 11(a+c)] (A-1)
;J
Y
2
ot 2
Y - -
{ Po= —2 — (1+p) + —— [22u g, & + 220-9(a+c)] + %= (4-2)
bt 12 2 6uAT g U* 2
i p(At) U
K~
- P, = [8 (r (1+8ai)] + ]
a u(AT)
~.b
"z 1 1 2
- W -
. e (22 wg U* © + 1 “(3-a)) [11-(3+a,){220-9(a+c)}]]
/-' - L r_z(l+a Y[162-11(a+c) ] (A-3)
L 8 a 2 “h
n“:'
o
BoA
‘o
i
r_2(ux -a )] - 1 r_2(1+a )[22Q—9(a+c)] (A-4)
@ a h 6udt a % °h

3 9 )
o2n) Ay [4r(ma(8L-5(are) ] - = (are) ] alt
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S 3 - .1
= (1+p) + Y [Sucng" + 82-5(a+c) |} &(1)

u(an)©

3 9
{U(Ax)z (hx may) + 3o [1+Grap) (28-2(av0) ]] - g (ave)} ali-a0)
(—— () + 5;%; [2c£uau*'1+2ﬂ-z(a+c)] E(1-A1)
u(At)
{ 1 — (ux _-a, ) + —;l—— [4+(3-a )[82-9(a+c)]] - L (a+c)} a(1-241)
L(AT)” a h 121AT h 4y

(1+p) + IE%ZT [eucgau*‘l + 82-9(a+c)|} £(1-281)

{

u(AT1)

l?g; [ae_bAI*’ce_dAI] [gn(I)_“(%_ah) (1"(1)+(1'(I)]

S5At -2bAt, -2dAt
[ae +ce ] [

12n £"(1-a1)+(3ma,) o (1-Ar) o' (1-AT) ]

At [ae“BbA‘+ce‘3dAT] (£ (1-281)+(3-a,) a"(1-2810)+a’ (1-241)]
12u h

% [ae_b(T+AT)+ce—d(T+A1)] [5'(O)+(%—ah) a'(0)+a(0)]

5 ae PAT () + % codht 1,(0) (A-5)
! -b(1-0)
I (1) = [ (o) e do (A-6)
1
O
! -d(1-0)
12(1) = £ (o) e do (A-7)
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Mo) = §"(0) + (3-a,) a"(0) + a'(0) (A-8)

) {;fi:§5 3 (5% (1+8aD)] + u)
+ e [Bue 07+ 1% (ra) (4-(hvay) (82-5[asc])]]
ot () (ave)fa(n)
Py ) - g Gy a5 GO
e r? (3may) [1-(34ay) (20-2(a%c])]]
+ %E r 2 (3+a)) (a+c)} a(i-a1)
- {u(zt) r;z(uxa—ah) - 5;%; r;z(%+ah) [22-2(a+c)]}E(1-A1)

o {1 (3 [x2(1+8al)] + y]

. TE%Z? CE I;Z(%‘ah) [4-(d+a, ) [82-9(a+c)]]]

+ i—u r;z(%+ah) (a+c)} a(t-241)
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u(at) wEe
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APPENDIX B

In Eq. (26), the elements of [Q] and {Y(n)} are:

=1 -
Q= 5 (uxgmay) (B-1)
Q, =+ (1) (8-2)
11 1,2 _
Q= " [—2 (g*a,) * iy (B-3)
r(l
0y, = 3 1y (uxgmay) (8-4)
v{?) = —% [1+(3-a,) [28-2(a*+c)]] a'(0)
1
- %J [2ug o+ 28-2(a%e)] £'(0) —% [28-(a+c)]a(0)
1
- —5 §(0) (8-5)
U
1) = - % [2ue !+ x Pmay) [1-(b+ay) (28-2(a%e) 11] @' (0)
“" 1 -2 [} 1 _2 0
o P L 2aeay 120m20are)1] £10) + 2 e (eay) [20-2(ave) ] 2O
e
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et 5 Flaco) (8-6)
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(3) _ _
Y, o =

(3) _
Y,o =

(4) _ _
Y1 =
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[1+(3-a,) [28-2(avc)]] «"(0) - % [2uC£BU*-1+2Q-2(a+c)] £"(0)

T

(2ab+2cd) ao(0) (B-7)

[2uc 0!+ r %(3-a)) (1-(b+a,) [20-2(a+c) ]]] o"(0)

b=l

i

r;z(%+ah) [20-2(a+c)] £"(0)

| =

r2(d+a,) [20-2(a%c) + (3-a,)(2ab+2cd)] ' (0)

=

r 2(3+a,) (2abe2cd) [£'(0)+a(0)] - Eii

Tl

Fla(0)]

Q-IQ-
A

(B-8)

h=B

[1+(3-a)) [28-2(a+c)}] a"'(0)

[chgaU*-1+2Q-2(a+c)] £"'(0)

T |

h =R

[22-2(a+c) + (%-ah)(23b+2cd)] a"(0)

2
{% [2ab+2cd] + =} £"(0)

e

|€I

(e

[2ab+2cd - (%—ah)(Zab2+2cd2)] a'(0)

I

[2ab2+2cd2] [£'(0)4a(0)] (B-9)
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T (-
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g
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